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ELEMENTARY CATASTROPHES IN MICROSCOPIC MODELS
OF NEMATIC MESOPHARSE

VLADIMIR KONOPLEV and VLADIMIR PERSHIN
Ural Politechnical Institute, 620002, 3verdlovsk,
U.8.5.R

BAbstract By means of the applied theorvy of
catastrophes the stability of orientationally
ordered state of the nematic ligquid crystal (NLC)
in the Maier-Saupe and Kimura-Nakano models is
investigated on the basis of the variational
Feynman principle

MAIER-SAUPE MODEL

In the model2 the system of elongated rigid particles

is described by the potential of free esnergy
BlasT)= - T ndgla) + Tal2<P,3+1)/3 - <Py»2/z, (1)

where 7 1is a sizeless temperature. In (1) the orienta-
tional order parameter, <P2}.is associated with a cer-
tain state variahle, o, by the equalities

w o -1
P> =(33 (a)I @) - V2,
1, ,
J (o) = [ u"explau”)du, m=0,1. ()
m 0

Critical points of the potential (1) are found from
the condition

a<lP,>'~ <P2> =0, ( <P,>'= d<P,>/da ),

and the bifurcational multitude is determined by the
system
a<P2>'—<P7> = 0, T - 3P »'/2 = 0. (

Lad
A

{603)/167
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A numerical analysis shows that the system (3) has two
solutions:
* *
a = 0.0, T = 0.2000;
* 0k ok
a = 2.2, T = 0.2228.
Thus, there are two points which totality form a sepa-
ratrix of the model in the one-dimensional space of the
control parameters1 {on the v-axis). From the physical
* %k .
point of view the temperature =t is an upper stability
X
border of NLC and v determines a lower stability border
of the isotropic liquid prhase of the molecular system.
The analytical calculations (here not shown} show that
L3 * % * &
in the vicinity of peoints (&« ,v ) and (o ,r } such
smooth (different) reversible non-linear substitutions
of the variables x{a,7),r=t{c) exist that potentials

of family (1) behave,respectively, in following manner

@lat) = xB + ox, (4)
3 g
B(a;7) = x° + ox”, {5)

Hence, two catastrophes of type "folding” disposed on
the temperature scale are met in the modelz.The dexdac-
tion of the equations (&), (5) is a3 new resalt; the
first one corresponds to the typical and the second one
to the non-typical version of the theorv of catastrop-
hesl. The analysis shows that the potential (&) posses-
ses an additional extremum in comparison with the po-
tential (&) which is a consequence of the existence of
the trivial solution of egquations {(3). Such a fea-
ture of the theory must be characteriszstic of any mic-
roscopic model of the nematic liqiud crystal generali-
zing the Maier-Saupe approachz.
The last conclusion is, in particnlar, illusgited

below on the example of the Kimura-Nakano model of HLC.
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KIMURA-NAKANGC MOD

In the model3 the nematic phase of the system of flexi-
ble molecules is described by a potential of free ener-
gY

@(a,x;y,z*,r) = —~Tan0(a) + TG(ZfPZ}+1)/3+

*
+ 7 tn{l-x) + v xR{x:=2 ) - {PZ}Zinx;y)/z. {&)

the state eguations following from (&) have the form

Jar = 3<P2>Qz(x;r),
* . 2.
TR{x;z ) = (1-?)€P2> Q). {(7)

In expressions {(6),(7) the following designations

(besides the ones introduced in (2)) are used
x={l+(z*)‘1exp[-{P2>2Q(x;r)(1—r)/r]},

Qlxsr)=(1-r)x-1, Rlx;z )= wnlx/{1-x)z 1.

The values x,r,tng* mean the parameter of conforma-
tional disordering {(reflecting a part of molecules in
the "folded" conformation),the effective rigidity and
length of particles, respectively. From the point of
view of the theorvy of catastrophesl the expression (&)
describe the family of potential functions with two
state variables {(«,x)} and three control parameters
(r,z*,r). Critical points of the potential (6) are
determined by the soclutions of the equations (7) and
the bifurcaticonal multitude of the model3 is found
from the combined solution of the equation

[21/3—<P2>'Q2(x;r)][r/xtl—x)-(l-y)zﬁpzbz] =

= 4P, > <p >0tk (102 (9)
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and the system (7). Numerical calculations show that
the thrice-degeneralized coritical point is determined

by the following approximated equations

a.> 5.8, x> 0.77;
0 U
- 2 ~
¥ 0.56, anom 3.02, o™ 0.079.

The applied theory of catastropheslallowsustostate
that the potential (6) in the vicinity of the five-

dimensional point (aD,x TO) can be represented

01?0’201
in the form

g ~q
¢ + c
+ % + €%y c. {(9)

SV oV ]

where ;1,;2 are the f:nctions of the variables (a,x)
and the parameters {(y,z ,7),and the coefficients R2>O,
CL,L=1,2,3 depend on the parameters only. The formula
(9) corresponds to the catastrophe “swallow tail® over
the wvariable ;l.The latter means that in this case the
physical instability of molecular system is bound both
with orientational and conformational disordering.
However, the numerical evaluations show that the con-
tribution into the instability of the first of them is
prevailing.

Besides, the trivial solution

a¥= 0, x'=z2'/(1+2%), (10)
existing at any permissible values of the parameters »,
7. satisfies the system of equations (7),(8) describing
the multitude of degeneralized critical points of the
model? By means of smooth substitution of wvariables the
potential (6) in the vicinity of the point (10) can be

reduced to the form

¥ = const + szg - xi + cox

-~

1 {(11)
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which corresponds to the catastrophe "folding" over the

variable x with the pertubation of the non-standard

type (see tée formula (1)). The formula (11) shows that
the conclusions of the previous section concerning the
phase transformation nematic-isotropic liquid remain
valid, however, the lower stability border of the iso-
tropic liquid is in this case the function of the ef-
fective rigidity and length of molecules according to

the formula
X

T = Qz(x*,r).

Numerical calculations (here not shown) allowoneto
draw alsothefollowing conclusion: the fact that in the
certain range of molecular parameters of the mod913
the sequence of twoe phase transitions can realize (the
first one associated with conformational disordering
of molecules and occocuring in the stability interval of
the orientationally ordered state (isostructural trans-
formation) and the second one being the ordinary first
order transition mesophase-isotropic liguid) is the
physical consequence of the catastrophes of tvpe "fol-
ding"{9), and "swallow tail™(11).
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