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ELEMENTARY CATASTROPHES I N  MICROSCOPIC MODELS 
OF NEMATIC MESOPHASE 

VLADIMIR KONOPLEV aiid VLAJJIMIR PERSHIN 
[Jral Polit .echnica1 I n s t i t u t - e ,  620002.  Sverdlovsk,  
U.S.S.R 

Abstract Ry means of the app l i ed  theory of 
ca t a s t rophes  the s t.abil i t .y of orient.at . ional1 y 
ordered s t.at.e of the nematic 1 i q u i d  c r y s  t.al (NLC 1 
i n  t h e  Maier-Saupe and K i m i ~ r a - N a k a n o  models is  
i n v e s t i g a t e d  on t h e  b a s i s  of t h e  v a r i a t i o n a l  
Feynman p r i n c i p l e  . 

MAIER-SAUE’E MODEL 

111 tlie model t.lie system of elongated r i g i d  p a r t i c l e s  

i s  descr ibed  by t-lie pot.eiit.ia1 of f r e e  energy 

0 2’  Y 

2 
$ { C ; T ) =  - T bnJ fa) + ~ a ( 2 < P .  ,+1)/3 - (P,> / 2 ,  (1) 

where T i s  a s i z e l e s s  temperature .  I n  (1 f the oriei1t.a- 

t i o i i a l  order par,wiet.er, <P2 3 ,  i s  a s soc ia t ed  w i t h  a cer- 
t a i n  state v a r i a b l e ,  a, by %he e q u a l i t i e s  

<.pZ> = ( J J ~ ) J ~  -1 (a) - $ 2 ,  

ni = 0 , l .  

C r i t i c a l  p o i n t s  of the pot.ent.ia1 ( 1) are found from 

t.he cond i t ion  

a < P 2 > ’ -  <P2> = 0 ,  <P >‘r acP,>/da 1 ,  2 

aiid the b i f  u r c a t i o n a l  mil t.it.ude i s  determined by the 
s y s  tern 

a<P2>1-<P2> = 0, T - 3,:;p2>1/2 = 0. ( 3 )  
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A numerical ana lys i s  shows t h a t  t h e  system ( 3 )  has two 

so lu t ions :  * * 
a = 0.0, T = 0 . 2 0 0 0 ;  ** ** 
a = 2 .2 ,  T = 0 . 2 2 2 8 .  

Thus, there are two poin ts  which t.ota1it.y form a sepa- 
r a t . r i x  of t h e  model i n  the one-dimensiunal space of the 

cont ro l  paraniet.ersl (on t.13e T -ax is  I . From tlie p~ iys i ca l  
po in t  of view t h e  temperature T is an iipper s t a h i l i t y  

border of NLC and T deteimines a 1 c J W e r  st.abi1it.y border 
of the i s o t r o p i c  l i q u i d  phase of the molecular system. 

The a n a l y t i c a l  ca l cu la t ions  (here not s h o w n  1 slictw that. 

i n  t h e  vicii3it.y of poin ts  (a ,T 1 and ((2 ,T 1 such 
smooth ( d i f  fereiit. 1 r e v e r s i b l e  non-linear subst.it.ut.ioiis 

of t h e  va r i ab le s  X ( C C , T  1 ,T=T (c.1 e x i s t  t h a t  p o t e n t i a l s  

of family ( 1) behave, r e spec t ive ly ,  i n  following manner 

** 
* 

** *:* :* 1: 

L 

$ ( ( U ; T )  = 2 + cx, 

" 3 " 2 * ( a ; r )  = x + cx ( 5 1  

Hence, two cat.ast.rophes of t y p e  "folding" disposed 011 

t h e  temperature scale are m e t  i n  t h e  model'. The deduc- 
t i o n  of t h e  equat ions (41 ,  5) is a new r e s u l t ;  t h e  

first one corresponds t o  t h e  t y p i c a l  and the secondone 

t o  t h e  non-typical  vers ion of t h e  theory of ca tas t rop-  
I hes . The ana lys i s  shows that. t.lie po ten t i a l  ( 5 )  posses- 

ses an add i t iona l  ext.remllni i n  ccmparison w i t h  t l e  po- 
t en t - i a l  ( 4  1 which i s  a conseq~ieiice of t.he ex is tence  of 
t h e  t r i v i a l  solution of equat-ions 1.3 1 -  Such a fea- 
t.ure of the t.heoi-y must. be charact.erist . ic of any mic- 
roscopic  niodel of the nematic l i q i u d  c r y s t a l  gei ieral i -  

zing t h e  Maier-Saupe approach . 2 

The last conclusion i s ,  i n  p a r t i c u l a r ,  i l l 1 J . S  i ted 

below on t h e  example of t h e  Kimiira-Nakarm model of NLC. 
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o f  the systmi of f l e x i -  
pot.eiit.ia1 of f r e e  eiier- 

t h e  state equations following from ( 6 )  have t h e  form 

I n  expressions ( 6  1,  (7 1 t h e  following designat ions 

(bes ides  t h e  ones introduced i n  ( 2 1  1 are used 

* * 
Q ( x ; ~  ) = ( l - ; u .  IX-I? H(x;z I =  \ .nlx/( l -x)z  3 .  

* 
The values x , y ,tn z mean t . l x  parLwiet.er of coiif orma - 
t ioi ia l  disorder ing (ref lect.ing a part. o f  nmletcules  in 
t.he "folded" conft_s~.mat.icsn ) I the  ef fect.ive r ig id i t . y  and 
lengt.11 of particles, respect. ively.  F r m  the point. of 

I view of t h e  t h e m y  of catastrophes t h e  expression ( 6 1 

descr ibe  the family of p o t e n t i a l  funct ions with two 

state var iab les  (a ,x 1 and t h ree  cont.rcr1 parLwiet.ers 
( y  , z ,7 1 . C r i t i c a l  1mint.s o f  the potent-ial  ( 6  1 are 
clet.ermined by the solut.ioiis of the equat.ioiis ( 7 1 and 
the b i f u r c a t i o n a l  mult i tude of the mc+del3  is found 

from the  combined so lu t ion  of t h e  equation 

* 
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aiid t he  system ( 7 1 . Nrmierical calculat.ions show that.  
t he  t.lirice -degeneral ized c r i t . i ca1  point. is detm-niined 
by the  f 01 lowing approximated equations 

uo* 5.8, x + 0.77; 
01: 

yo* 0.56, LnZ =K 3.02, T A” 0.079. 0 0- 

The appl ied theory of catastrophes’allows us t o  s ta te  

t h a t  t h e  p o t e n t i a l  ( 6 )  i n  t h e  v i c i n i t y  of t h e  f ive -  

dimensional po in t  
i n  t h e  form 

( ~ , , , X ~ , ~ ~ , Z ~ , T ~ )  can be represented 

( 9 )  

are t h e  funct ions of t h e  va r i ab le s  ( n , : ~ )  where 

aiid the par,miet.ers ( y  , z ,T 1 ,and the coe f f i c i en t s  h2>c7, 

c. i =1 ,2 , 3 depend on the  par,aiet.ers only. The f ox-mula 
( 9 1 corresponds t.o the cat.ast.rophe “swallow t a i l ”  over 
t he  va r i ab le  x .“lie l a t t e r  means that. i n  this case t he  
physical inst.abi1it.y of molecular system is  bound both 
w i t h  orient.at.ioiia1 and conf oimat.iona1 disorder ing . 
However, t h e  numerical evaluat.ions show t.liat. the con- 
t.ribut.ion i1it.o t.he i n s t a b i l i t y  of the f i r s t .  of them i s  
preva i l ing .  

- 2  ‘. 5 *3 * = const t h x t x + CIXl + c . 2  + c ;; 2 2  1 2 1  3 1’ 
.. .. 

* xl,x 2 

L ’  

1 

Resides ,  t.he t r i v i a l  so lu t ion  
* * *  * 

a = 0, x = z /(l+z 1 ,  (10) 

e x i s t i n g  a t  any permissible values  of t h e  parameters y, 

T . satisfies the system of eyuat.ions ( 7  1 , 8 1 descr ibing 
the mu1 t.it.ude of degeneralized cr i t . ica1 points  of t he  
model 3 Ry means of sniooth subst.it.ut.ion of va r i ab le s  the 

po ten t i a l  (6 1 i n  t.he vicinit .y of the paint. (10) can be 
reduced t.o the form 

?! = const -k h vL  - xJ t cxl 2”2 1 (11) 
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which corresponds to t h e  cat.astrc>plie "f olcling" over the 
va r i ab le  x1 with tlie pert.ubat.ion of the non-standard 
type (see t he  formula (1) ) . The formula (11) shows t.hat 

the conclusions of the previous sec t ion  coiicerniiig the 
ph a s e t.r an s f ornia t.i on iiema ti c - i s o t.ropi c 1 i q u  i d  rema i n  
v a l i d ,  however, t.lie lower st.abi1it.y border o f  tlie i so -  
t r o p i c  l i q u i d  i s  i n  this case the fuiict.ioii of t.he ef- 
f e c t i v e  r ig id i t . y  and length of molecules according t.o 
the formula 

.. 

Nunierical ca lcu la t ions  (he re  not sliown 1 allow one t o  
d r a w  alsotli.efollowing conclusion: the fact.  that. i n  the 
c e r t a i n  range of moleciilar parameters of t h e  model 
t he  sequence of two phase t r a n s i t i o n s  can r e a l i z e  ( t h e  
f i r s t  one assoc ia ted  with conformational disorder ing 
of mr_lleciiles and occuring i n  t h e  s t a b i l i t y  i n t e r v a l  of 
t he  o r i e n t a t i o n a l l y  ordered state ( i s o s t r ~ i c t u r a l  t r ans -  
formation) and the  second one being t h e  ordinary f i r s t  
order t r a n s i t i o n  mesophase-isotropic l i q u i d )  i s  t h e  
physical consequence of t h e  catastrophes of type " fo l -  
ding" ( 9 1 , and "swallow t a i l "  ( 11 1 .  

3 
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